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Àííîòàöèÿ
Ïóñòü W  íåâûðîæäåííàÿ öåëî÷èñëåííàÿ êâàäðàòíàÿ ìàòðèöà d -ãî ïîðÿäêà òàêàÿ,
÷òî |detW | > 1 ; fi(x)  çàäàííûå íà åäèíè÷íîì ãèïåðêóáå â R
d
âåùåñòâåííîçíà÷-
íûå ïåðèîäè÷åñêèå ïî êàæäîìó àðãóìåíòó ëèïøèö-íåïðåðûâíûå óíêöèè. àññìàòðèâà-
þòñÿ m -ìåðíûå âåêòîðû (f1(xW
k), . . . , fm(xW
k)), k = 1, 2, . . . Ïîëó÷åíà îöåíêà ïîðÿäêà
O(nε−1/2) , ε  ñêîëü óãîäíî ìàëîå ÷èñëî, äëÿ ðàññòîÿíèÿ ìåæäó ðàñïðåäåëåíèåì íîðìèðî-
âàííîé ñóììû ýòèõ âåêòîðîâ è íîðìàëüíûì ðàñïðåäåëåíèåì íà âñåõ èçìåðèìûõ âûïóêëûõ
ìíîæåñòâàõ èç Rm .
Êëþ÷åâûå ñëîâà: ýíäîìîðèçìû, ïðåäåëüíàÿ òåîðåìà, ñêîðîñòü ñõîäèìîñòè.
àññìîòðèì ïðåîáðàçîâàíèå T x = { x W} (çäåñü x ïðèíàäëåæèò Ωd  d-ìåð-
íîìó òîðó, {·}  äðîáíàÿ ÷àñòü ÷èñëà), çàäàâàåìîå ñ ïîìîùüþ íåâûðîæäåííîé
öåëî÷èñëåííîé ìàòðèöû W . Ïóñòü mes(·)  èíâàðèàíòíàÿ ìåðà íà Ωd , êîòîðóþ
ìîæíî îòîæäåñòâèòü ñ ìåðîé Ëåáåãà, îïðåäåëåííîé íà åäèíè÷íîì çàìêíóòîì ãè-
ïåðêóáå d-ìåðíîãî åâêëèäîâà ïðîñòðàíñòâà:
Kd = {x : x = (x1, x2, . . . , xd), 0 ≤ x1 ≤ 1, . . . , 0 ≤ xd ≤ 1} .
Óêàçàííîå ïðåîáðàçîâàíèå ÿâëÿåòñÿ ýíäîìîðèçìîì, ñîõðàíÿþùèì ìåðó. Îíî
ýðãîäè÷íî òîãäà è òîëüêî òîãäà, êîãäà ñðåäè êîðíåé õàðàêòåðèñòè÷åñêîãî ìíî-
ãî÷ëåíà ìàòðèöû W íåò êîðíåé èç åäèíèöû. Ïðè ýòîì óñëîâèè äëÿ T kx,
k = 0, 1, 2, . . . , ñïðàâåäëèâà öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà (ñì. [1, 2℄). Èññëå-
äîâàíèÿ ñêîðîñòè ñõîäèìîñòè â ýòîé òåîðåìå áûëè ïðîâåäåíû â ðàáîòàõ [35℄.
àññìîòðèì m-ìåðíûå âåêòîðà
f(xW k) = {f1(xW k), . . . , fm(xW k)}, k = 1, 2, . . . ,
ãäå fi(x ), i = 1, 2, . . . ,m  âåùåñòâåííîçíà÷íûå ïåðèîäè÷åñêèå ñ ïåðèîäîì 1 ïî êàæ-
äîìó àðãóìåíòó óíêöèè, çàäàííûå íà Kd . Ïðåäïîëàãàåì âûïîëíåíèå ñëåäóþùèõ
óñëîâèé.
1. Äëÿ íåêîòîðîé ïîñòîÿííîé A
|fi(x )− fi(x ′)| ≤ A ‖x − x ′‖, ∀x, x ′ ∈ Kd, ‖x ‖ =
(
d∑
i=1
x2i
) 1/2
.
2. Ìàòðèöà W òàêîâà, ÷òî
sup
‖x ‖≤1
‖xW−1‖ = θ < 1, | detW | = ρ > 1.
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3. Ôóíêöèè fi(x ) èíòåãðèðóåìû ïî Ëåáåãó íà Kd è
∫
Kd
fi(x ) d x = 0 äëÿ âñåõ
i = 1, 2, . . . ,m .
4. detR 6= 0 , ãäå R  ìàòðèöà ñ ýëåìåíòàìè
ρij = lim
n→∞
1
n
∫
Kd
( n∑
k=1
fi(xW
k)
)( n∑
k=1
fj(xW
k)
)
d x.
Ïóñòü
Gn(M) = mes
(
x : x ∈ Kd, 1√
n
n∑
k=1
f(xW k) ∈M
)
,
ãäå M  èçìåðèìûå ìíîæåñòâà èç Rm .
Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå âûðàæåíèÿ
ρ(Gn,ΦR) = sup
M∈Rm
|Gn(M)− ΦR(M)| ïðè n→∞.
Çäåñü M  âûïóêëûå èçìåðèìûå ìíîæåñòâà, ΦR  íîðìàëüíîå ðàñïðåäåëåíèå
ñ ìàòðèöåé êîâàðèàöèé R è íóëåâûì âåêòîðîì ìàòåìàòè÷åñêèõ îæèäàíèé.
Â ðàáîòå [4℄ áûëî äîêàçàíî, ÷òî ρ(Gn,ΦR) = O(n
−1/4) .
Â ïåðå÷èñëåííûõ âûøå óñëîâèÿõ áóäåò èìåòü ìåñòî ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Äëÿ êàæäîãî, ñêîëü óãîäíî ìàëîãî ε ñïðàâåäëèâà îöåíêà
ρ(Gn,ΦR) = O
(
1
n1/2−ε
)
.
Äîêàçàòåëüñòâî. Ïðè äîêàçàòåëüñòâå òåîðåìû èñïîëüçóåòñÿ ìåòîä ¾ïîñëåäî-
âàòåëüíûõ ïðèáëèæåíèé¿, ðàçðàáîòàííûé â [6, 7℄. Ïðåæäå âñåãî ïðèâåäåì îöåíêè,
êîòîðûå íàì ïîíàäîáÿòñÿ â õîäå äîêàçàòåëüñòâà òåîðåìû.
Îáîçíà÷èì (
f(xW j), t
)
=
m∑
i=1
fi(xW
j)ti, t = (t1, . . . , tm).
Ââåäåì âåëè÷èíó
τj =
(
f(x ,W j), t/‖ t‖
)
.
Îáîçíà÷èì ÷åðåç xν(n) ñåìèèíâàðèàíò ν -ãî ïîðÿäêà ñóììû
n∑
j=1
τ
j
, òî åñòü
xν(n) =
dν
dzν
lnE exp
(
z
n∑
j=1
τ
j
)∣∣∣∣
z=0
.
Ëåììà 1. Ïðè èêñèðîâàííîì ν ∈ [2, ω] (çäåñü è äàëåå ω  äîñòàòî÷íî áîëü-
øîå âåùåñòâåííîå ÷èñëî) ñïðàâåäëèâà îöåíêà
xν(n) = O(n).
Ëåììà 1 äîêàçûâàåòñÿ òàê æå, êàê è â ðàáîòå [5℄.
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Ïóñòü
f(t) =
∫
Kd
exp
(
i
(
t,
1√
Q
Q∑
j=1
f(xW j)
))
, β(M) = inf
x∈σ(M)
‖x ‖,
ãäå σ(M)  ãðàíèöà âûïóêëîãî ìíîæåñòâà M . Òîãäà ñïðàâåäëèâî ñëåäóþùåå
óòâåðæäåíèå.
Ëåììà 2. Åñëè ïðè íåêîòîðîì α ∈ (0, 1/2] è íåêîòîðîì γ > 1 èìååò ìåñòî
àñèìïòîòè÷åñêîå ðàâåíñòâî
|GQ(M)− Φ(M)| = O
(
1
1 + βγ(M)
1
Qα
)
,
òî äëÿ âñÿêèõ C0 è ε1 < α/2 íàéäóòñÿ òàêèå ïîñòîÿííûå C1 è C2 , ÷òî äëÿ
äîñòàòî÷íî áîëüøèõ Q
max
C0Q−ε1≤‖t‖≤C1Qα−2ε1
∣∣∣ f(t) ∣∣∣ ≤ 1− C2/Q2ε1 . (1)
Ëåììà 2 äîêàçûâàåòñÿ òàê æå, êàê è â ðàáîòå [7℄.
Ëåììà 3. Ïðè èêñèðîâàííîì ν ∈ [1, ω] äëÿ âñåõ i = 1, 2, . . . ,m ñïðàâåäëèâà
îöåíêà ∫
Kd
( n∑
k=1
fi(xW
k)
)2ν
dt = O
(
nν+ν
2/ω
)
. (2)
Ëåììà 3 äîêàçàíà â ðàáîòå [5℄.
Ïðèñòóïèì ê äîêàçàòåëüñòâó òåîðåìû. Òàê êàê ðàññòîÿíèå ρ(Gn,ΦR) ìåæäó
ðàñïðåäåëåíèÿìè èíâàðèàíòíî ïî îòíîøåíèþ ê íåâûðîæäåííûì ëèíåéíûì ïðå-
îáðàçîâàíèÿì âåêòîðîâ, íå îãðàíè÷èâàÿ îáùíîñòè, ìû áóäåò ñ÷èòàòü ìàòðèöó R
åäèíè÷íîé. Ñóììà, ðàñïðåäåëåíèå êîòîðîé ìû ñîáèðàåìñÿ èçó÷àòü, åñòü Sn =
=
n∑
k=1
f(xW k) . Ýòó ñóììó ìû ðàçîáüåì ñëåäóþùèì îáðàçîì.
Ïóñòü Q è N  ðàñòóùèå âìåñòå ñ n íàòóðàëüíûå ÷èñëà, p =
[
n
Q+N
]
, ãäå
[ · ]  öåëàÿ ÷àñòü ÷èñëà.
Îáîçíà÷èì
ηj =
1√
Q
Q∑
r=1
f(xW (j−1)(Q+N)+r), 1 ≤ j ≤ p,
η
0
j =
1√
Q
N∑
r=1
f(xW jQ+(j−1)N+r), 1 ≤ j ≤ p,
η
0
p+1 =
1√
Q
n∑
r=p(Q+N)+1
f(xW r).
Ñ÷èòàåì, ÷òî η
0
p+1 = 0 , åñëè n = p(Q+N) .
Ïîëó÷èì
Sn =
√
Q
p∑
r=1
η r +
√
Q
p+1∑
r=1
η
0
r =
√
Q
(
ζp + ζ
0
p
)
.
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Âêëàä ñóììû ζ
0
p â ñóììó Sn áóäåò äîñòàòî÷íî ìàë, åñëè Q è N âûáðàòü ïîäõî-
äÿùèì îáðàçîì.
Òåïåðü ïåðåéäåì ê èçó÷åíèþ ðàñïðåäåëåíèÿ çíà÷åíèé ñóììû ζ p . Îáîçíà÷èì
ζ̂ p =
p∑
r=1
η̂ r , ãäå η̂ 1, . . . , η̂ p  âåêòîðà ñî ñëåäóþùèìè ñâîéñòâàìè:
1) mes(x : x ∈ Kd, η̂ r ∈ M) = mes(x : x ∈ Kd, η r ∈ M) , M  èçìåðèìûå ìíî-
æåñòâà èç Rm ;
2)
∫
Kd
exp
(
i
(
t,
ζ̂ p√
p
))
d x =
p∏
r=1
∫
Kd
exp
(
i
(
t,
η̂ r√
p
))
d x.
Îáîçíà÷èì ÷åðåç Λ ìàòðèöó êîâàðèàöèé âåêòîðà η 1 . Ó÷èòûâàÿ, ÷òî ìàòðèöà
R ÿâëÿåòñÿ åäèíè÷íîé, ïîêàæåì, ÷òî
Λ =

1 +O(1/Q) O(1/Q) · · · O(1/Q)
O(1/Q) 1 +O(1/Q) · · · O(1/Q)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
O(1/Q) O(1/Q) · · · 1 +O(1/Q)
 . (3)
Èç ëåììû 1 ðàáîòû [3℄ ñëåäóåò, ÷òî∫
Kd
fi(x )fj(xW
r) d x =
∫
Kd
fi(x ) d x
∫
Kd
fj(x ) d x +O(θ
r
1),
ãäå 0 < θ1 < 1 .
Ýëåìåíòû ìàòðèöû Λ ìîæíî çàïèñàòü â âèäå
aij =
∫
Kd
fi(xW )fj(xW ) dx +
+
Q∑
n=1
(
1− r
Q
)[ ∫
Kd
fi(xW )fj(xW
r+1) d x +
∫
Kd
fj(xW )fi(xW
r+1) d x
]
,
à ýëåìåíòû ìàòðèöû R  â âèäå
ρij =
∫
Kd
fi(xW )fj(xW ) dx +
+
∞∑
r=1
[ ∫
Kd
fi(xW )fj(xW
r+1) d x +
∫
Kd
fj(xW )fi(xW
r+1) d x
]
.
Ïîýòîìó
|aij − ρij | =
∞∑
r=Q+1
∫
Kd
fi(xW )fj(xW
r+1) d x +
+
∞∑
r=Q+1
∫
Kd
fj(xW )fi(xW
r+1) d x −
− 1
Q
Q∑
r=1
r
∫
Kd
fi(xW )fj(xW
r+1) d x = O
(
θQ1 +
1
Q
Q∑
r=1
rθr1
)
= O
(
1
Q
)
.
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Äàëåå, ïóñòü ìàòðèöà A òàêîâà, ÷òî A′A = Λ−1 , ãäå A′  òðàíñïîíèðîâàííàÿ
ìàòðèöà ê A . Î÷åâèäíî, ÷òî âåêòîð
1√
p
A ζ̂ p èìååò åäèíè÷íóþ ìàòðèöó êîâàðèà-
öèé.
Ïóñòü òåïåðü
P (1)p (M) = mes
(
x : x ∈ Kd,
ζ p√
p
∈M
)
,
P (2)p (M) = mes
(
x : x ∈ Kd,
Aζ p√
p
∈M
)
,
fp(t) =
∫
Kd
exp
(
i
(
t,
Aζ p√
p
))
d x, f̂p(t) =
∫
Kd
exp
(
i
(
t,
Aζ̂ p√
p
))
d x,
f(t) =
∫
Kd
exp
(
i(t, η 1)
)
d x.
Íèæå áóäåì ñ÷èòàòü, ÷òî f(t) óäîâëåòâîðÿåò óñëîâèþ (1) ëåììû 2 ïðè
ε1 = (ν + 3)/ω .
Èç ëåììû 3 ðàáîòû [3℄ ñëåäóåò, ÷òî∣∣∣fp(t)− f̂p(t)∣∣∣ ≤ C3√ p
Q
exp(−C4N). (4)
Äàëåå, ïîëîæèì
gνp(t) = exp
(
−‖t‖
2
2
)(
1 +
ν∑
r=1
Pr(it)
(
1√
p
)r )
,
ãäå
Pr(it) =
χr+2(it)
(r + 2)!
+
+
r−1∑
l=1
r−1∑
jl=l
jl−1∑
jl−1=l−1
· · ·
j3−1∑
j2=2
j2−1∑
j1=1
(r − j l)(j l − j l−1) · · · (j2 − j1)
rj lj l−1 · · · j2j1 ×
× χr−jl+2(it)χjl−jl−1+2(it) · · ·χj2−j1+2(it)χj1(it)
(r − j l + 2)!(j l − j l−1 + 2)! · · · (j2 − j1 + 2)!(j1 + 2)! (5)
Çäåñü χj(it)  ñåìèèíâàðèàíò j -ãî ïîðÿäêà âåëè÷èíû (it, Aη 1) .
Ïî òåîðåìå 1 èç [8℄ ïðè
|t| ≤
√
p
8 (hν+1(Q))
1/(ν+1)
= Tνp,
ãäå hν+1(Q) =
∫
Kd
‖Aη1‖ν+1 d x , èìååò ìåñòî íåðàâåíñòâî
|fˆp(t)− gνp(t)| ≤ 3ν+2
‖t‖ν+2 exp
(
−‖t‖2/4
)
T ν+1νp
. (6)
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Òåïåðü âîñïîëüçóåìñÿ ñëåäóþùèì íåðàâåíñòâîì, ïîëó÷åííûì Ñ.Ì. Ñàäèêîâîé
[9, 10℄:
ρ(P (2)p ,Φ) ≤ C5
[
(ln T )(m−1)/4(J1 + 2
√
2J2) +
lnT
T
]
,
ãäå
J21 =
∫
‖t‖≤1
‖t‖−2
∣∣∣ fp(t)− exp(−‖t‖2
2
)∣∣∣ 2 d t,
J22 =
∫
1<‖t‖≤T
∣∣∣ fp(t)− exp(−‖t‖2
2
)∣∣∣ 2dt.
Âûáåðåì
T = C6Q
α−2(ν+3)/ωTνp (7)
è ïåðåéäåì ê íàõîæäåíèþ íåîáõîäèìûõ íàì îöåíîê.
Ïî íåðàâåíñòâó Ìèíêîâñêîãî èìååì
J1 ≤
( ∫
‖t‖<1
‖t‖−2
∣∣∣fp(t)− f̂p(t)∣∣∣2dt
)1/2
+
( ∫
‖t‖≤1
‖t‖−2
∣∣∣f̂p(t)− gνp(t)∣∣∣2dt
)1/2
+
+
( ∫
‖t‖≤1
‖t‖−2
∣∣∣∣∣gνp(t)− exp(−‖t ‖22 )
∣∣∣∣∣
2
dt
)1/2
= J
(1)
1 + J
(2)
1 + J
(3)
2 .
Äëÿ îöåíêè èíòåãðàëà J
(1)
1 ïðè ‖t‖ ≤ n−ω
3/4
èñïîëüçóåì î÷åâèäíóþ îöåíêó∣∣fp(t)− f̂p(t)∣∣ ≤ 1√
p
∫
Kd
∣∣∣(t, Aζ p −A ζ̂ p)∣∣∣ d x ≤ C7‖t‖,
à ïðè n−ω
3/4
< ‖t‖ ≤ 1  îöåíêó (4), ïðåîáðàçîâàííóþ ñëåäóþùèì îáðàçîì. Ïîëî-
æèì â (4) N = 2
[
nω
−1/4]
, ïîñëå ÷åãî îöåíêà (4) ïðèìåò âèä
|fp(t)− f̂p(t)| ≤ C8
√
p
Q
1
nω3/4
.
Òàêèì îáðàçîì,
J
(1)
1 ≤
( ∫
‖t‖≤n−ω3/4
C27 dt
)1/2
+
( ∫
n−ω
3/4≤‖t‖≤1
C28
p
Q
1
n2ω3/4
‖t‖−2 dt
)1/2
= O
(
n−ω
3/4
√
p
Q
)
.
Ñîãëàñíî íåðàâåíñòâó (6)
J21 = O(T
−ν+1
νp ).
Ñ ïîìîùüþ ëåììû 1 (èñïîëüçóÿ òîò àêò, ÷òî ñåìèèíâàðèàíòû r -ãî ïîðÿäêà χr
è χ′r ñîîòâåòñòâåííî âåëè÷èí ξ è aξ ñâÿçàíû ìåæäó ñîáîé ñîîòíîøåíèåì χ
′
r = a
rχr )
íàéäåì îöåíêè ñåìèèíâàðèàíòîâ â (5):
|χr(it)| = O
(
‖t‖r
Q(r−2)/2
)
, r = 3, 4, . . .
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Òåïåðü ìû ëåãêî ïîëó÷èì, ÷òî
∣∣Pr(it)∣∣ = O
(
r−1∑
l=1
‖t‖r+2lQ−(l+r)/2
)
. (8)
Ïîýòîìó
J
(3)
1 =
( ∫
‖t‖≤1
‖t‖−2
∣∣∣∣∣ exp(−‖t‖22 )
ν∑
r=1
Pr(it)
( 1√
p
)r∣∣∣∣∣
2
dt
)1/2
= O
(
1√
pQ
)
.
Èç ïîëó÷åííûõ îöåíîê çàêëþ÷àåì, ÷òî
J1 = O
(
n−ω
3/4
√
p
Q
+ T−(ν+1)νp +
1√
pQ
)
. (9)
Ïðèìåíÿÿ íåðàâåíñòâî Ìèíêîâñêîãî, îöåíèì J2 :
J2 =
( ∫
1<‖t‖≤T
∣∣∣fp(t)− exp(−‖t‖2
2
)∣∣∣∣∣dt
)1/2
≤ J (1)2 + J (2)2 + J (3)2 .
Ïîäûíòåãðàëüíûå âûðàæåíèÿ â J
(i)
2 , èñêëþ÷àÿ ‖t‖−2 , òàêèå æå, êàê â J (i)1 .
Îöåíêè äëÿ J
(1)
2 è J
(3)
2 ïîëó÷àþòñÿ àíàëîãè÷íî îöåíêàì äëÿ J
(1)
1 è J
(3)
1 :
J
(1)
2 = O
(√
p
Q
n−ω
3/4
Tm
)
, J
(3)
2 = O
(
1√
pQ
)
.
Äàëåå,
J
(2)
2 =
( ∫
1<‖t‖≤T
|f̂p(t)−gνp(t)|2dt
)1/2
≤
( ∫
1<‖t‖≤Tνp
)1/2
+
( ∫
Tνp<‖t‖≤T
)1/2
= J ′1+J
′
2.
Ñîãëàñíî íåðàâåíñòâó (6)
J ′1 = O(T
−(ν+1)
νp ),
J ′2 ≤
( ∫
Tνp<‖t‖≤T
∣∣∣∣fp(A′t√p )
∣∣∣∣ 2dt
)1/2
+
( ∫
Tνp<‖t‖≤T
|gνp(t)|2dt
)1/2
= J ′′1 + J
′′
2 .
Â èíòåãðàëå J ′′1 ñäåëàåì çàìåíó ïåðåìåííûõ u = A
′ t/
√
P è ïðèìåíèì ê ïîëó-
÷àþùåìóñÿ âûðàæåíèþ îöåíêó (1) ëåììû 2 è íåðàâåíñòâî
m(ν+3)/2 =
( ∫
Kd
|Aη 1|2d x
)(ν+3)/2
≤
∫
Kd
|Aη 1|ν+3d x ≤ C9Q(ν+3)
2/ω,
ëåãêî âûâîäèìîå èç (3) è ëåììû 3.
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Èìååì
J ′′1 ≤
(
C10
∫
(1− O (1/Q)) Tνp/√p ≤
≤ ‖u‖ ≤ (1 + O (1/Q)) T/√p
pm|f(u )|2pd u
)1/2
=
= O
(
pm/2Qαm(1− C2
Q2(ν+3)/ω
)2
)
= O
(
Qmα+(ν+3)
2/ω
p(ν+3−m)/2
)
.
Çäåñü C6 â âûðàæåíèè (7) äëÿ T âûáðàíà òàêèì îáðàçîì, ÷òîáû(
1 +O
( 1
Q
))
8m−(ν+3)/(2(ν+1)) C6 ≤ C1,
ãäå C1  ïîñòîÿííàÿ èç ëåììû 2.
Â ñèëó îöåíêè (8)
J ′′2 =
( ∫
Tνp≤‖t‖≤T
∣∣∣∣∣ exp
(
−‖t‖
2
2
)(
1 +O
( ν∑
r=1
‖t‖3r
(pQ)r/2
))∣∣∣∣∣
2
dt
)1/2
= O(T−(ν+1)νp ).
Òàêèì îáðàçîì,
J2 = O
(√
p
Q
n−ω
3/4
Tm +
1√
pQ
+ T−(ν+1)νp +
Qmα+(ν+3)
2/ω
p(ν+3−m)/2
)
. (10)
Îêîí÷àòåëüíî ïîëó÷èì èç (9) è (10), ÷òî
ρ(P (2)p ,Φ) = O
(
lnm T
(√
p
Q
n−ω
3/4
Tm+
1√
pQ
+T−(ν+1)νp +
Qmα+(ν+3)
2/ω
p(ν+3−m)/2
+
lnT
T
))
.
Ýòà îöåíêà ñïðàâåäëèâà è äëÿ ρ(P
(1)
p ,ΦΛ) . Òàê êàê ΦΛ(M) = Φ(M) + O(1/Q) ,
òî
ρ(P (1)p ,Φ) = O
(
ρ(P (2)p ,Φ) +
1
Q
)
. (11)
Äàëåå çàéìåìñÿ îöåíêîé âêëàäà ζ
0
p â ðàñïðåäåëåíèå Sn . Âåëè÷èíû P è Q âûáåðåì
òàê, ÷òî
|n− p(Q+N) | ≤ p. (12)
Ïîýòîìó êîëè÷åñòâî ñëàãàåìûõ â η
0
p+1 íå ïðåâçîéäåò p è ñîãëàñíî íåðàâåíñòâó
Ìàðêîâà è ëåììå 3 áóäåì èìåòü
mes
(
x :
|ζ 0p |√
p
>
N + 1√
Q
)
≤
m∑
j=1
mes
(
x :
∣∣ζ 0pj ∣∣√
p
>
N + 1√
Q
)
= O
(
(p(N + 1))ν
2/ω
(N + 1)ν
)
,
ãäå ζ 0pj  êîìïîíåíòû âåêòîðà ζ
0
p .
Ïîëó÷åííàÿ îöåíêà íåîáõîäèìà äëÿ òîãî, ÷òîáû îöåíèòü ïîãðåøíîñòü, âîçíè-
êàþùóþ ïðè çàìåíå â (11) ðàñïðåäåëåíèÿ P
(1)
p âåêòîðà ζ p p
−1/2
íà ðàñïðåäåëåíèå
âåêòîðà (ζ p + ζ
0
p ) p
−1/2
.
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Òàê æå, êàê â ðàáîòå [7℄, ïîëó÷èì
mes
(
x :
ζ p + ζ
0
p√
p
∈M
)
= Φ(M) +O
(
N + 1√
Q
+
(p(N + 1))ν
2/ω
(N + 1)ν
+ ρ(P (1)p ,Φ)
)
.
Èç óñëîâèÿ (12) ñëåäóåò, ÷òî√
n
pQ
= 1 +O
(
N
Q
)
.
Ïîýòîìó ìû ìîæåì çàïèñàòü
1√
n
n∑
i=1
f(xW i) =
1√
pQ
n∑
i=1
f(xW i) + C11
N
Q3/2p1/2
n∑
i=1
f(xW i).
Íåðàâåíñòâî Ìàðêîâà è ëåììà 3 äàþò îöåíêó
mes
(
x :
∣∣∣∣ C11NQ3/2p1/2
n∑
i=1
f(xW i)
∣∣∣∣ > N + 1√
Q
)
≤ C12 n
ν+ν2/ω
Q2νp ν
.
Ýòî ïîçâîëÿåò (ñì. [7℄) îöåíèòü ïîãðåøíîñòü ïðè çàìåíå ðàñïðåäåëåíèÿ âåêòîðà
ζ p + ζ
0
p√
P
íà ðàñïðåäåëåíèå
1√
n
n∑
i=1
f(xW i) .
Îêîí÷àòåëüíî ïîëó÷èì
ρ(Gn,Φ)=O
(
lnm T
(√
p
Q
n−
4
√
ω3Tm+
1√
pQ
+T−(ν+1)νp +
lnT
T
+
Qmα+(ν+1)
2/ω
p (ν+3−m)/2
)
+
+
(p(N + 1))ν
2/ω
(N + 1) ν
+
N + 1√
Q
+
nν+ν
2/ω
Q 2νp ν
)
. (13)
Äàëåå, âûáåðåì ν = 3
√
ω , p =
[
n(1−2α)/(2(1−α))
]
, à Q  èç óñëîâèÿ (12), ó÷èòû-
âàÿ, ÷òî N = 2
[
n1/ω
3/4
]
. Òàê êàê
T = C6Q
α−2(ν+3)/ωTνp ≥
C6Q
α√p
Q3(ν+3)/ω
,
ìû ïåðåïèøåì (13) ñëåäóþùèì îáðàçîì:
ρ(Gn,Φ) = O(n
−1/(4(1−α))+1/ 4√ω). (14)
Îòñþäà âûòåêàåò îöåíêà
ρ(Gn,Φ) = O
(
1
1 + β
12
√
ω
n−1/(4(1−α))+2/
4
√
ω
)
. (15)
Äîêàçàòåëüñòâî ýòîãî ïåðåõîäà àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 5 èç [7℄.
Ìû ïîëó÷èëè (14) ïðè âûïîëíåíèè óñëîâèÿ (1) èç ëåììû 2. Ïðè α = 0 íåîá-
õîäèìîñòü ýòîãî óñëîâèÿ îòïàäàåò. T áóäåò ìåíüøå Tνp è èñ÷åçíåò èíòåãðàë J
′
2 ,
äëÿ îöåíêè êîòîðîãî íåîáõîäèìî óñëîâèå (1). Ïîäñòàâèâ α = 0 â (14), èìååì
ρ(Gn,Φ) = O(n
−1/4+1/ 4√ω).
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Ïîëó÷èâ ñîîòíîøåíèå (15), ìû òåì ñàìûì äîêàçàëè, ÷òî îöåíêà (1) ëåììû 2
âåðíà ïðè α =
1
4
− 2
4
√
ω
è γ = 12
√
ω . Èç ëåììû 2 ñëåäóåò ñïðàâåäëèâîñòü îöåíêè (1),
à èç óñëîâèÿ (1) ñëåäóåò ðàâåíñòâî (14) ïðè α =
1
4
− 2
4
√
ω
. Ïîäñòàâèâ α =
1
4
− 2
4
√
ω
â (14), èìååì
ρ(Gn,Φ) = O
(
1
n1/3−3/ 4
√
ω
)
.
Ýòîò ïðîöåññ ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ìîæíî ïðîäîëæèòü (ñì. [7℄).
Îêîí÷àòåëüíî ïîëó÷èì
ρ(Gn,Φ) = O
(
1
n1/2−ε
)
,
ãäå ε = 3/ 8
√
ω , ω > (2m)5 . Òåîðåìà äîêàçàíà.
Summary
F.G. Gabbasov, V.T. Dubrovin. Estimation of the Rate of Convergene in the Multidimen-
sional Central Limit Theorem for Endomorphisms of Eulidean Spae.
Let W be suh a nonsingular integer square matrix of order d that | det W | > 1 ; fi(x)
are real-valued periodi in eah argument Lipshitz-ontinuous funtions dened on the unit
hyperube in R d . We onsider m -dimensional vetors (f1(xW
k), . . . , fm(xW
k)), k = 1, 2, . . .
and obtain the estimate of order O(nε−1/2) (where ε is an arbitrarily small number) for
the distane between the distribution of the normalized sum of these vetors and the normal
distribution at all measurable onvex sets from Rm .
Keywords: endomorphisms, limit theorem, rate of onvergene.
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